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Abstract—The effect of specular reflection in a one-dimensional, absorbing, emitting, and anisotropically-
scattering medium is analyzed. The mathematical formulation is shown to involve the function F,(x)=
JiE ™1 - pype )2 dg, which can be readily evaluated as a fast-coverging, infinite series of
exponential integral functions. Numerical solutions to the resulting integral equations are generated by the
method of point allocation.

Physically, the radiative energy within a participating medium bounded by specularly reflective surfaces
is observed to experience more multiple reflection than the corresponding diffuse reflection case, This leads
to some differences between the two cases in the heat transfer and temperature profile results. These
differences, however, are generally quite minor for the considered one-dimensional planar system.

I. INTRODUCTION

Radiative heat transfer in an absorbing, emitting, and scattering mediom is a problem of
considerable practical importance. A great deal of work has been reported in this area during
recent years,'™ With few exceptions,™” most of these studies assumed that the boundary of the
enclosure considered is a diffusely emitting and reflecting surface. While this assumption can
probably be considered as an accurate description for some selected surfaces, many real
surfaces emit diffusely but reflect specularly. For practical applications it is, therefore,
important that the effect of specular reflection on the radiative heat transfer in a participating
medium is clearly understood.

Currently, quantitative studies on the effect of specular reflection on radiative heat transfer
are quite limited. Cess and Sotak® obtained solutions for a one-dimensional planar medium
under condition of radiative equilibrium with no internal heat generation. However, to reduce
the mathematical complexity they made a restrcitive assumption that one of the two boundary
surfaces is black. The effect of scattering was also neglected in their analysis. Pao® and Ozisik
and Siewert’ developed different methods of solution for the equation of transfer in a parallel
slab with specularly reflecting boundary. In both of these studies energy conservation was not
considered and a temperature distribution in the medium is assumed. These results thus have
only Hmited applicability in heat-transfer calculations.

The objective of this work is to assess quantitatively the general effect of specular reflection
on radiative heat transfer. A one-dimensional planar system, in which both boundaries are
specularly reflecting and diffusely emitting, will be considered. The equations for radiative
transfer and energy convervation will be solved simultaneously. Anisotropic scattering and
internal heat generation will be included in the analysis. Based on these results, the effects of
specular reflection on the temperature profile of the medium and heat transfer will be
determined and discussed.

2. MATHEMATICAL FORMULATION

The physical model and the associated coordinate system are identical to those in previous
work.' Briefly, the medium is assumed to be gray, absorbing, emitting, and scattering
anisotropically according to the following phase function

plcos ) =1+ x cos 6, -1=x=1, )
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where 8, is the angle between the incoming and the scattering ray and x the forward-backward
scattering parameter. The transfer equation becomes

di . .
pgti=d-wi 260 =Fkan @
with
1
G(r) =27 f Pdu 3
-1
and
1
am=27 [ indp. @

In the above equations, i stands for the radiative intensity, i, the blackbody intensity, w, the
scattering albedo, 4 = cos 6, and 7 the optical coordinate defined by dr = 8 dz with z being the
spatial coordinate and B the extinction coefficient. Assuming that the optical coordinates of the
two boundaries are 7 =—L/2 and 7 = L{2, respectively, where L is the optical thickness of the
one-dimensional system, the boundary conditions for diffuse emission and specular reflection at
the two surfaces are

. . L 4 .

hp)=i (_7"“) =¢ ___a'i'[ + i (-—%,—p,), 0=p=1, (5)
, (L T, .

Bu)=i (5,#) = Ezg"f'*pzl (% —,u), -1=u =0, 6

with €, T, and e, T, being the emissivities and temperatures at the two surfaces and
pr= (1= &), p»=(1— &) the reflectivities. Finally, the energy equation is given by

dq!d’l' = Slﬁ: (7)
where § is the internal heat generation rate.

Equations (2) and (7), together with the definition of g given by Eq. (4), can be combined in
the standard manner to yield the following expressions for the radiative intensity:

i, 7) = ij(p) e W+ U 4 —41; -:un Hp, %) e~k dTT*, 0=pu=l, ®
it, 7) = i) 1L _ % L  H () ot dTT*’ _1=p =0, )

where
H(u, 7) = G(7)+ woxpq(r) + S/B. {10)

Substituting Eqs. (8) and (9) into Egs. (3) and (4), a set of coupled integral equations for
G(7) and q(7) can be generated, As in Ref. 8, these equations may be simplified in canonical
form by first introducing the following transformations:

G(r)=4oTy' + o(T1* — TyY)gilr) + oSgs(7), (11)

q(0) = (o Ty~ oT)q+ gso. (12)
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Physically, g(r) and g, stand for the dimensionless temperature profile and centerpoint heat
flux for the case of unequal wall temperature and no heat generation; g¢(r) and gsq, on the other
hand, are values for the case with equal wall temperature and non-zero uniform internal heat
generation,

The integral equation for g,{7) is

2(r)=26.F, ( + 7) +2e100F) (37 - T) +26UF,; ( )
—2¢€1p; U(T)Fa( )+‘I'[8¢(T)], (13)

where F,(x) is a function originally introduced by Cess and Sotak® as

1 —xlp
F0)= | 1o e e (14)

and U(7) is given by

our [+ ) [0 (G4 1)+ B (5 =7) |- 05 00 [ ooBs (3 )*F(IE+T)]]

U(T) = '
2— wox [ +C2pip2+pr+ ) Fy ( ) (2+P1+PZ)F4( )]
(15)
Wg(7)] is an integral operator on g(r) which can be written as
1 [ U [+
Vg=3 [ atMEG- =L [T (- g(- )
—=(Li2) o
Ln LI
X Bty drt + B2 [ g (ML, ydrt+ B [ gt
2 L 2 lam
’ L2
XUR(L+7+ 9+ UDFAL+ o dr+ 2 [ - a()
—(Li2)
X [F(L—7—1%)+ U@F(L— )] dr*, (16)

with E,(7) being the exponential integral function and
ML) =FRQ2L+r—- 4+ F2L—7+ ™+ UDFRQRL-™-FQRL+™]. (17

After g.(7) is determined from Eq. (13), g4 becomes

(18)

L 3L
26,Fs (5) ~2ei00F (35 ) + Blar)
Ju = s

3L L
5 [ +(2P192+P1+P2)F4( ) @+p1+p)F, (5)] -
with the operator & defined by
Vg =3 f (8.~ 7%) — e Ex(r®) dr* + 2 j &lrF2L - %)
- FQL+ )] dr* +L°2—l f g (T Fy(L +7%) dr*
~(Lf2)

p L2
—£2 g (T Fy(L - 7*) dr¥; (19)
2 J_anm
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gs(7), on the other hand, can be shown to satisfy the following integral equation:
gs(r) =4 ( o LU COE A PACR EPAC Y

o o) ) (i BB
- (3, )H+ woxL [(1 w00 [ (5, 7) + 0 (ézé ]
")

+(1+p) [N (57) # oty (3, )]+ wtast 20)

with
Mi(x, y)= Fi(x + y}+ U(y)Fiai(x + y), (21)
Ni{x, y) = F(x = y) = U(3)Fiurx - y); 22)

also,

_i"._
2

erale ol o) b

+Q2p1p2+ oy + p2)Fy (‘TL) ~Qtptp)F (%)]

Equations (13), (18), (20), and (23) constitute the complete set of governing equations for the
considered problem.

3. METHOD OF SOLUTION

While exact analytical solution to Eqgs. (13) and (20) are difficuit to obtain, numerical and
approximate solutions are quite straightforward. The integral function F,(x), which is unigue to
the problem with specular reflection, can be readily tabulated by first expanding it into a series
of exponential integral functions as follows:

Fy(x) =§(p.pz)*E,,(x +24L) @4)

Since pypp <1 and E,(x)—0 as x >, the above summation converges quickly for all non-zero
values of py, ps, and L.

A popular approximation approach to the present problem is the kernel substitution
technique. Making the usual assumption that®

_3 _3
Bi)=Fexp (-3x), @5)
Eq. (24), with # =2 is reduced to
_ 3 e—(Sfo)
Fyx)= AT=pppe (26)

Values for other exponential integral functions E,(s) and F,(x) (n = 3) can be readily generated
from the following recursive relations:

L (B =~ By | e
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and

4 ) =-Foa. (8)

Substituting Eqs. (25) and (26) into Egs. (13) and (20) and carrying out the usual algebraic
manipulation® yields results identical to those with diffusely reflecting boundary.” Hence, within
the framework of the exponential kernel approximation, diffuse reflection and specular
reflection vield identical heat-transfer resuit. It is interesting to note that this same conclusion,
for cases without scattering and one black boundary, was also reached in Ref. 5.

Numerically, solutions to Egs. (I3) and (20) are generated by the method of point allocation.
The accuracy and convergence of this method have already been demonstrated in previous
work.? Briefly, the unknown functions g(7) and gs(r) are first expended as polynomials as
follows:

N

g(n) = ;21 X, (29
N .

gs(n) = E Yir™l. (30)

Substituting Eqs. (29) and (30) into Eqs. (13) and (20), respectively, and evaluating N discrete
points across the one-dimensional domain, two systems of N linear equations with N un-
knowns are generated. It can be shown that all matrix elements are expressible in terms of
E,(x) and F,(x) and can thus be readily evaluated. For each N, solutions to g,(7) and gs(r) are
generated with little effort.

Computational results show that these numerical solutions converge quickly as N increases.
For all of the cases considered in the present work, the maximum value of N at which
convergence is achieved is less than 19 [convergence is defined by requiring that the N'th order
solutions for g (7) and gs(7) at ten equidistant points in the medium agree with the (N — 1)th
solution to the third decimal place]. For systems with small optical thickness (L <1.0), the
values of N required for convergence is actually much less.

4, RESULTS AND DISCUSSION

To demonstrate the effect of specular reflection, the present results are now compared with
those generated with diffusely reflecting boundary. The diffuse reflection results used in the
comparison are obtained algebraically from the black results (e, = e, = 1.0) by the technique
developed in Ref, 8, which is clearly applicable for the present considerations which include the
effect of anisotropic scattering.

It is also interesting to note that not all values of €, and &, need to be considered in the
comparison. From symmetry considerations, it can be readily shown that

G(T; €1, €2, Tl; T2) = G(— T; €1, €1, T2: Tl.)s (31)
q(r; &, €, T1, T) = q(— 7; €3, €, T, Th). (32)

In the present study, we therefore will consider only cases with &; <e,.

The specular and diffuse reflection results for g, and gso are presented and compared in
Tables 1 and 2. As expected, differences between the two results are relatively minor.
Nevertheless, the specular reflection results for g, and ggp are smaller than the corresponding
diffuse reflection values for all cases. Physically, these results can be explained by noting that,
with a participating medium, radiant energy undergoes more multiple reflection in a system with
specular reflection than in a system with diffuse reflection. For the one-dimensional planar
system, the qualitative difference between the angular distribution of the reflected intensity
from a specular surface and that from a diffuse surface is illustrated in Fig. 1. The resulting
incident intensities to the opposing surface due to these reflections are also shown in the same
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Table 1. Comparison between the specular and diffuse reflection results for @0 Values in parentheses are diffuse
reflecting results,

81 82 wox L=01 L=1.9 L = 10.0

-1.0 0.173 (8.173) 0.148 (0.149) 0.064 (0.064)

0.3 0.3 o 0.174 (0.174) 0.154 (0.155) 0.076 (0.076)
1.0 0.174 (0.174) 0.160 (0.161) 0.093 (0.093)

-1.0 0.258 (5.258) 0.207 (0.208) 0.072 (0.072)

0.3 0.7 o 0.259 (0.260) 0.218 (0.219) 0.082 (0.088)
1.0 0.261 {0.261) 0,230 (0.232) 0.1149 (0.113)

-1.0  0.290 (0.290) 0.227 (0.228) 0.075 (0.075)

0.3 1.0 4] 0.292 (0.292) 0.241 (0.242) 0.092 (0.092)
1.0 0.294 (0.294) 0.256 {0.257) 0.119 (0.119)

Table 2. Comparison between the specular and diffuse reflection results for gso. Values in parentheses are diffuse
reflecting results.

£ &, W x L=4¢.1 L=1.0 L = 10.0
~1.0 0.060 (0.060) 0.490 (0.495) 1.834 (1.853)
0.3 0.5 4] 0.060 (0.060) 0.509 (0,519) 2.218 (2.243)
1.0 0.060 (0.061) 0.534 (0.535 2.806 (2.840)
-1.¢ 0.097 (0.098) D.?Bé (0.791) 2,734 (2.757)
0.3 4.7 0 0.098 (0.099) 0.825 (0.834) 3,336 (3.366)
1.0 0.099 (0.100) 0.872 (0.882) 4.278 (4.320)
~-1.0 ¢.134 (0,135) 1.052 (1.063) 3.468 (3.485)
0.3 1.0 ] 0.135 {0.,136) 1.115 {1.127) 4,263 (4.285)
1.0 0.136 (0.137) 1.186 {1.200) 5.531 (5.562)
i.0 T T T T
08 .
i
1
O.6+ ]
S_
1.0 0.8 06 04 0.2 4]

Fig. 1. Comparison of reflection characteristics between a diffuse surface and a specular surface; i, =

incident intensity [exp (- L), L =1]; i, = specularly reflected intensity (p =0.5); &, = diffusely reflected

intensity (g =0.5); i, = incident intensity to the opposing wall due to iy} is=incident intensity to the
opposing wall due to i,
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Fig. 3. Comparison between specular and diffuse reflection results for g,

figure. Since the reflected energy from the specular surface concentrates more in the normal
direction (at small 8), it traverses on the average a smaller optical path and hence suffers less
attenuation. A larger fraction of the reflected energy can thus be transmitted to the opposing
surface and there are more multiple reflections. For the case with no heat generation, this effect
causes slightly more energy to be reabsorbed by the hotter surface and, therefore, less heat
transfer. For the case with heat generation, the energy within the medium is distributed more
uniformly among the two surfaces by increased multiple reflection. Since gs(— (L/2)) = gso— 2L
and gg(L{2) = ggo+ 2L, a smaller gg, with specular reflection means a larger heat transfer to the
lower boundary; with €, = e, this result implies a more uniform heat loss distribution to the two
surfaces.

The specular and diffuse reflection results for the temperature profile are presented and
compared in Figs. 2 and 3. Again, the difference between the two cases are minor, with the
specular case yielding slightly higher temperatures. Numerical results show that this difference
is insensitive to the various system pariameters (e, €, and wgx) and decreases with increasing
optical thickness.

Physically, the preceding results can again be explained by increased multiple reflection for
the system with specular surfaces. With unequal wall temperatures and no heat generation,
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energy originates mainly from the hot lower wall. The increased multiple reflection and
reabsorbtion of energy by the hot wall means higher absorption for the medium in that region
and, therefore, higher temperature as shown in Fig. 2. For equal wall temperature and uniform
heat generation, energy originates from within the medium. With increased muitiple reflection
with specular surfaces, the region near the wall of lower emissivity can see and absorb more of
the energy generated. The temperature in that region is thus higher, as shown in Fig. 3.
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