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Development of a Network
Analogy and Evaluation of Mean
Beam Lengths for
Multidimensional
Absorbing/Isotropically Scattering
Media

Based ont Hortel's zonaal formudation, a nmotwork analoagy & devcloped for the
gralysis of radiotive fransfer i1 peneral multidimensiong! absorbing s gofropically
scattering media, Applying the enalogy to the analysis of an isothermal medium and
assuming fhat the imcoming ond ourgoitg flux density & homageneows within the
medivm, the effect of seattering on the evaluation of mean beam lengths & |
lustrated. Two concepls of mean beam fenpih, an chsorpiion mean begmt [engih
(AMBLY and an extinctlon mean beam length {EMBL)Y, are introduced and shown
1o be importand for the analveis of radistive frangfer in practical systems. Both mean
beawn fengths differ sipnificantly from the cornventional mean beam length in
spstems of maoderate and larpe optical thickness. Relations between AMBL and
EMBL and their fimiting beluvior are developed arnalytically, Numerfcal reawdis for
& sphere radialing to is surfoce and an infinite parailel slab radiating fo one of its
suifaves are presenied to demonsirate guantitatively the marhematical belavior of

the fwo mean beam lengths.

1 Introduction

Radiatbve tranafler in an absorbing/svallcoiog meediwm i au
important aspect in many practical engineering problems such
as (he modeling of encigy manspoi i combuostion chambers
and furnaces. Mathematically, an exact solution to the
radigtive equation of wansfer, couplald with U Mued Bow amd
convective heat fransfer occurring ingde a fornace, can be ex.
emely complicaled and (herefore unsuitable for pracical
engineerirg applications. A preal deal of research effort in
radimtive transfer in the past fifty years has thus been directed
foward the development of approximation methods. Sarofim
{1986) and Viskanta and Menguc (1987) have given excellent
reviews of the variows available techniguoes.

Oneg of the most important concepts wilized In pracrical
radiative transfer caloulations, particalarly in applications for
nongray media, 5 mean beam length (MBL). Introduced
arginally by Hottel {1927, 1967}, the MBL of a gas volama
radisting 0 a boundary s defined as the radius of am
*equivalent™ hemisphere that produces a flux to the center of
s base equal 1o the average fux radiated to the area of in-
terect by the actual volume of gas. Sinee cpectral absorphion
daza Tor all common gaseous specles are generally measured in
one-dimensional ine-of-sight experimental syetems, the MBL
concept provides an important theoretical ok through which
the existing one-dimensional speciral absorpuon data can be
applled to radlative transfer calculations in  complex
multidimensional evstetns.,

In recent vears, scattering has been recognized [0 be impor-
tomt in meny porticle-lnden combustion systems such ns fires
gnd pulverized coal furnaces (DeRic, 197H: Wesssl, 19ES:
Mengue snd Viskanta, 1986), While it is well known that scat-
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tering can have a significant effect on the total radiative heat
transfer, its effect on MBL has not zet been established, To
the best of the avthor’s knowledge, an approximate expression
for the scaltering mean beam length in the Bmit of an optically
thin weakly scattering medium {(Cartigny, 1986} appears to be
the omly reporied work addressing this imporiant igsue. In-
deed, the lack of an accurate definition for MBL in an absorb-
ing/scattering medivm has led fo large uncertainty on the
result of many cxisting furnace caloulations (Menguc and
Viskanta, 1986; Vickanta and Mengne, 1987)

In this work, & theoretlcal formulation of MBLS In an ab-
sorbing/scattering medium is derived. In section 2, a network
#nalogy for the calculation of radiatve eransfer in an emiting,
absorbing, and isotropically scattering mediuim is developed,
By applying the analogy 1o an isorhermal medium and assum-
ing that the incoming and ouigoing flux density ie
homogeneous, two concepts of MBL, an ""absorption’” mean
beam length (AMBL) and an “extinerion” mean beam length
(EMBL}, are introduced in section 3. Mathematically, AMBL
iz defined a3 the rodivs of a purely absorbing hemisphere with
the samé absorption coefficlent as the medivm under con-
sideration, which produces a flux at the center of its base equal
to the average heat Mux radiated to the area of inferest. The
concept of AMBL 5 imporient in estimating the emission
from nongray gaseous spécies in the presence of scattering
particles, EMBL, on the other hand, i defined as the redius of
an absorbing/scattering hemisphere with the same extinction
cocificient and scattering albcdo as the medium under con-
sideranon that produces the eguivalent heat flux. The cofcept
of EMBL s important in the scaling of scatfering/absorbing
média. Based on evaluation of AMBL for an ahsorbing /scat-
tering hemispherical medium radiating to its base, & wniversal
refation beiween AMBL and EMBL ix alsn presented in sec-
tion 3. In section 4, exact mathematical expression for the two
MBLz are generated for two enclosures, 8 sphere and an in-
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finite parallel slab, Mumerical results arc presented to il
lustrate parametrically the importance of scallering on the
evaluation of MBL:. Finally, a conclusion of the present work
and somée comments on the future direction of research in this
peneral ares are presenied in section 5.

2 Nciwork Analogy for am Absorbing/Scattering
Medinm

The analogy between eloctrical network and radiative
transfer in &n enclosure with & nonparticipating medium was
first developed by Oppenheim (1956). Bevans and- Dunkle
(1960) exrended the idea o include the effect of an isothermal
abeorbing medium. The extension, however, is quite com-
plicared mathematically and applicable only Tor a
homogeneous isothermal abeorbing medium. The practieal
application for the Bevans and Dunkle formulation i thus
limited, Utilizing results generated by the two-flux maodel,
Tong and Tien (1980) noted that the heat transfer in a planar
abeorbing/scattering medium can be expressed by a network
representaiion. But they did not consider extension to general
multidimenszional systems., To the best of the author's
knowledge, formulaton of the network analogy for a general
nonigothermal multidimensional enclosure with an abaorb-
ing/scattering medivm has not appeared in the Gierature.

For an isotropically scattering and absorbing medium, the
set of radiative exchange relations generated by Haottel's ronal
method (Hottel end Sarofim, 1967) is & nstursl basis for the
development of the network analogy, Specifically, in an
enclosure with N isothcrmal surface zones and M gas zones,
the E'I'IHH baiance on egch ronc can be wrillen as

Adl; - E"f"rw s E"rE.IH}J

_r-.

ViH, = Ej;—,-qu- Eﬁ.w

] Jm

In the above expressions, H, and W, are the irmdistion and
radiosity (emisston phus reflection) of surface A; while 4,
and 4KW, can be interpreted as the incoming and -nulgmng
(emission plus scattering} flux density of a volume iement V.
K is the etinetion coefficient. 5,5, 88y, and g:g; are the direct
exchange faciors between A, and A, A, and ¥, and ¥, and

¥, respectively. The mathematical expressions for these ex-

()

(Z)

Numenclature

change factors are given by Houell and Sarofim (1967) and
will nost be repeated here. In general, they satisfy the following
reciprocity and closure relations:

3,.5 -.s,.s,. {m)
518 = £, (35)
R =R (3c)

LS

Lo+ Loami=A, 4a)

=] i=]

. - H- —_— I

Pam Bagany, (45)

iw=] f=l

The purameters B, M, W, and #, ; are related 10 the sur-

face emissive power E, and the gaseous emissive power E, | by
W= B+ (1=, (i)
W, = (1 =), , g H, (55)

2 and {2, the net beat tranafer from surface A, and volume
¥, reapectively, can be written as

A
Q=AW ~H)=7T"" (E-W)  (62)
iy
] —
Qui= 4V Wy~ Iy~ 4KV, (—20) (Eyy= W) (60)

where «; is the surface emissivity of A; and wy is e scuitering
albedn of the medinm.

To develop the necessary eyuation for the nelwork analogy,
the first half of squations (A} and (6A), together with the
reciprocity and closure relations, can be readity combined with
emuationg (13 and {7 to yisld

M T
Q= Yo5s (W =W)) + L 5a, (W~ W, ;)

(1a)
Jml J=1
and
~ A
{;-,fﬂﬁw,,--w,-n Yeg(w —W,,) b
= =1

Based on equations (6u), (6), (Ta), and (7H), the analogy

change factor between A4,

A; = ph surface area in an "H;,l = incomitig Mhix clensity info and F_.I'
enclosure volume ¥, Vi = ith gas volume in an
D = thickness of the parallel K = extinction coefficient enclosure
slub system L. = absorption mean beamn W; = radiosity from suiface A,
E; = Blackbody cimissive power length AW, , = ouigning fluy densiry
of surface A L, = conventional mean beam from volume F,
E.: = blackbody emissive power length (defined for a pure a = angle defined in 'hig Al
of volume V, absorption mecium) A = angle defined in Fig, Al
E;{x) = exponential mltri.nﬂ L. = exlinction mean beam ¢, = emissivity of surface A4,
function kength # = angle defined in Fig, .H.i
Fid) = function defined in equa- g = heat flux 8, = angle defined by eguation
___ tiom (A% € = total heal transfer from {Al0a)
g, = volume-volume direct ex- gurface 4, 8, = angle defined by sguation
durrtgt factor between Qs = lotal beal transfer Crom (AT D)
= and ¥, - volume ¥, & = srimuthsl angle used in
B = wfumq:—;u dm::: X~ R = radius eyualivns (AG), (AT, and
change factor between 5.5, = surface-surface direct #x- (AG)
Feiand A , change factor between A, ¢, = angl defined by equarion
H, = irradiation into surface _ and 4, {All)
A ng = aurf'ncn-gu direct ex- wy = scatering atbedo
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hatwean electrical network and radiative heat rmmfr.r in an
absorbing/scatering medium is quite apparent, Specifically

E, =internal potential of surface A,
W; = enternal potential of surface A,
1oy
A
E, ; =internal potential of volume ¥
W, ,=external potential of volume ¥,

=internal resistance at surface A4;

SR . LA
AE V(1 = )
1/5,5, = resistance hetween surfaces A, and A,

=internal resiztance at volume V,

l.-"ﬁ; — resistance between surfaces .1, and V|
1/¢;g; =resistance between surfaces ¥, and ¥;

Schematic representations of the network analogy for a sur-
face slement A, and a volume élement ¥, are shown in Figs.
I{a) and 1{k), respectively. Note that in contrast io Bevans and
Dunkle (1960}, the present network analogy does not require
the restrictive assumption of an isothermal gas volume. It can
be applied to any enciosure containing an  absorb-
ing/otropically scattéring medium.

3} Formulation of Mean Ream Tengths

In the formulation of mean beam lengths, the problem of
fmerest 1s 10 determing the radiative heat flux incident oo an
arez A from a homogeneous isothermal gas volume {with
volume ¥,, emissive power E,, extinction cocfTicient K, and
ceattering albedo w,). The area 4, in general, is a part of the
otal boundary of the enclosure. Let A, be the remaining arca
of the enclosure and assuming that H, and W, are uniform in
the gas volume, the network analogy is applicable with an
equivalent network as shown in Fig. 2. The corresponding net-
work equations can be readily solved to yield the following
heat flux expression at gurface A:

i (E,58 /a) (1-wy)

= 6EE
aKv,

Mgy Concept of Absorption Mean Lengih (AMBL).
The absorption mean beam length {AMBL), L_,, is defined as
the radius of a hemisphencal volume of pursly absorbing gas
{with the same temperature and absorption coefficient a: that
of the actual mixture), which produces & flux 1o the center of
its base equal to the acutal heat flux. Mathematically, L, is
given by the relanon

()

[ gt by, o e ) U =) (9
] ——20BE
4KV,

where the exchange factor 5g 15 written In tevm of the comven-
tional mean beam length L, as
¥ =]- g‘ﬂl

A

The concept of AMBL iz useful when it ie necessary to
esfimate the effect of scattering particles on the emission of a
gecond epecies {e.g., the evaluation of the sirength of a
gaseous sbsorption band in the presence of scattéring particies
in furnace calculation). Mote that the mean beam length ex-
pression considerad by Cartigny ( 1986) is the absorption mean
beam length.

(10)
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Fig. 4 FRelatkon Dorsean KL, snd KLg, i ine weak scatbering [mi

dh) Concept of Extinction Mean Bean Length
(EMBL). The extinction mwean beam lengih (EMBL), L., i
defined as the radivs of a hemispherical volume of sesitaring
and absorbing gas (with the saue lempersiure, extincion
coefficient, amd scattering alhedo as that of the actual mix-
ture), which produces a flux to the center of its base equal 1o
the acntal heat flnx. This concept is important for the scaling
of a mixture in which the cffects of absorption and scamering
are not readily separahble (e g, the assessment and comparizon
of optival thicknesses for two geometrically dissimilar soory
Aames). Linkike L_and L, a closed-form expresgion for I, i
w0l available ur an arbitrary enclesure since the heat fux o
the center of the base of an absorbing/scattering hemisphere
canuol be expressed o closed form. A universal relation be-
tween L, and L, however, can be readily generated baced on
the expression of L, for a hemispherical volume of pas
radiating to the center of its bage, Since L., for a hemisphere
ridiating 1o its base is simply its radius, L, and L, lor an ar-
bitrary enclosure are related by

| g-ti-agiteg o =€ T} (1 —ay)

(1

| _mﬂ{\_ﬂ_)
-ﬂfﬂ hirmigshene

where (28/4KV, ) pompmnere 18 the self-exchange factor per unit
vulume for & hemispherical volume of gas with optical radius
KL .. Specifically, the evalustion of EMBL for an arbitrary
enclosure requires first the evaluation of AMBL based on
equation (%) and then the evaluation of EMBL based on equa-
ton (11).

The evaluation of (48/4K ¥, bpunuppen, which has not ap-
peared In the literature, is presented in Appendix A.
Numerical values for KL, for different values of KL, anduwy

Journal of Heat Transfer

are presented in Fig. 3. It can be readily observed that, in
general, Lo =L In & hemispherical geometry, the primary
effect of scattering is to reduce heat transfer. A larger absorb-
Ingrscaniering hemisphere is required to generate the same
heat flux to the center of its basc as that of a purely absorbing
hemisphere.

e} Limiting Bebavior of L, and L. In the optically
thin Hmit (K'L ,, —0) and independent of w,, equations (%) and
(11} are reduced to

L=L.=L, (12}

Rased on numerical data presented in Fig. 3, L, and L, are
eaentially identical for KL, =1.0.
Physically, the three mean beam lengths are also expected o

be identical in the Bmit of no scattering fw, =0). Numerlcal
data, however, show that the convergence of L, to L, is

quite slow in the optically thick Umit. In Fig. 4, the relation
between L and L in the weak.ccattering limit (o, =0,1) i
presenied., MNote that even for a “small” scattering albedo
{say, wy =0.01), the difference between L, and L, can be
guite subslantial in sysiems with moderate and large optical
thicknesses. Equation (12), in the more resirictive optically
thin weakly scarrering Umit (AL ., =0, wy —0), 15 also dedpeed
hy Cartigny (1026).

In the strongly scanering Ymir (w, - 1.0), equation () can
be simplified to vield

58 /A
KL= —SE_— (13}
_ £E
aKv,
and the retation between L, and 1, becomes
1 = xl,
DT, | (14)
1= (. -—E_

4K F, / bomisnber

Note that AMRI. and FMBL are both nonzero even in the
pure scattering limit {wy= 1.0, Similar 10 the convenrionat
MRBL I, T, and I are fundamental geometric parameters
of the cnclosure.

IT A is the total surface to the enclosure (i.e., A_=0in Fig.
2), equation {13) can be further simplified (using the reciproci-
ty and closore relations) to yiald

L= Tl {13a)

which is identical to the optically thin Fmiting expression for
L. Physicelly, this result is not surprising becanse from the
pure absorphion consideration, a pure scatfering medium s
optically thin. It is important to emphasize that equation {13a)
haolds for all strongly seattering media independent of optical
thickness. L_. In he pure scattering Mmit, must sl be
evaluated using equation {14).

4 MNumerical Examples

To illustrate quantitaiively the effect of scattering on
AMBL and EMRL, numerical values are tabulated for two
specific geouneizies, a sphere and o infinite parallel slab.
These twn sasss are selected because many practical furnaces
wan be appronimated by these geometries and closed-form ex-
pressions for the necessary exchange factors sp /4 and
28/ (4K ¥,) are available from standard references (Hottel and
Sarofim, 19%67).

For an absorbing-scatiering spherical medivm radiating o
its surface, L,y ia given by

MAY 1880, Vol 1127411
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] =g~ W ~apriiay = o (14)
5r
=1~ . S50
'"( KR .-1)
whers
s¢ i )
=]= — [J=  [Je=F 15
< R (1=[ZKK + e~ ") (13)

with R being the radiug of the sphere. Numerical values of
AMBL and EMBL for differcnt KR and wy are presentad in
Figs. 5{z) and 5{b). While L. in gemeral, increases
monolonically with wy, L, first decreases and then incresses
with increasing . Physically, the slight decrease in L. with
wy al ssall albedo can be attributed to the slight enhancement
af heat transfer hy seattering in an optically thick medium. AS
wy imcreases, the effect of extinction by scattering becomes
dominant and [, increases. A eomparison between Figs, Ha)
and 5{f) akwo shows that, in general, L, 18 much greater than
I . particularly in the limit of large albedo.

For a parallcl slab of absorbing-scattering medium radiating
to one of s two bounding surfaces, L, s given by

%:1--.4.,1
I_t:.-ll.—ut,hﬁE“I,_ — t]ﬂ
1 5
: ‘*‘”{'_ﬂﬂ .-1)
where
—’i:}-=1-1£!mm (n

with D) being the thickness of the slab and E, (¥} the exponen-
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Fig. B{s} Absorpleon mean basm waogeh tor an iniinie parafed alab
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Do
Fig. (b} Extinolion mean beam langth lor sn Infinite parallal =lah

radisting to one of s surlsces for dilferent optical siab thicknessos
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tial Integral fonction (Hattel and Sarofim, 1967). Numerical
resufts of £, and L, for & slab are shown in Figs. &{¢) and
6{k). Their qualitative behavior is similar to that Tor the sphere
presented in Figs. 3e) and 3ib).

5 Conclusions

A network analogy is developed Tor the analysls of radiative
transfer in an absorbing and isotropically scattering medium.
Rased on a network analysis for an isothermal medium and
assuming that the incoming and outgoing flux density are
homogeneous, the traditional concept of mean beam lengrh is
extended to include the effect of scattering. Two concepts of
mean heam length (an shaorplion mean beam léngth, AMBEL,
and an eatinction mean beam length, EMBL) are chown to be
nseful in charaoerizing the radiative transfer In a scatfering
nredium. Based on an analysis of a hemispherical abeorb-
ing/ecattering medium, a universal relation between AMBL
and EMBL is developed. Mumericel values for AMBL and
EMBL for two enclnsures are presenied to show that 1he (WO
mean beam lengths differ significantly from each other and
also from the conventional mean beam length m systems with
modersie vr barge optical thickness. The use of the cenven
tianal definition of mean beam length in general absorb-
ing/scattering wedia can thus lead to significant erorr, except
in the optically thin limit

The general behavior of AMBL and EMDL i3 illustrated by
numericgl results generated hy two specific systems, a
spherical meeddiven cadiating to its swrisce and an infimite
paraliel slab radiating to one of its surfaces. For a Hixed exunc-
tion cocificicnt and physica! dimension, EMBL i3 shown to in-
crease monotonically with scattering alhedo while AMBL [irst
decreases and then increases with scattering albedo.

Transactions of the ASME



Simce an isothermal absorbing/scattering medium can, in
general, have nonunilorm incoming and outgoing flux densi-
Ly, expressions for AMBL and EMBL developed In the presen:
work are approdximate. Additional exact numerical calecula-
tivns must alse be carried out 1o develop &8 more preclse rela-
tion between the two mesn beam lengths and their
mathematical behavior. Svsiems with differenl geomerric
shapas must be analyzed in order 1o generate quantitative rels-
tions, which are useful for praciical applications, These ef-
forte are currently under way and the results will be presented

In furure publications.
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APPENDIX

The evaluation of gg 4KV, for a hemispherical volume of

gas b presented In thls sectdom. Letr 4, and 4. be the
hemispherical surface and the base surface, respectively; eqgua-

tons {49) and {4b) can be readily wllized 10 vield
R, 8

kv, KV, WKV, (al)
where the two surface—prs exchange faclors can be wrtlen 48
i F §& 5&
=]= - (A
Ay A, Ay .
and
5af 535
A = | 3 {AZ)

The evaluation of gg/4K ¥, thus requires the evaluation of the
two sorface exchange factors 5,5, and 5, 5.

The relevant geometry and coordinate system utilized in the
evaluation of 5,5 is shown in Fig. Al. Far the diffareniial
arcas dA | and dAy as shown, the differciuiial exchange favio
5, dsy Bs given by

. €05  cos oo~
#Er-ti'l; = fA |ﬂ'.|‘|17 —

T

where o Is 1he distance between d4, and g4, and 7 and o.are
e defined in Fig. Al.
Mathematically, It can” be readily shown that a direct
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numerlcal Integration based on a Cartesian coordinate Is inef-
fective in the evaluation of 5,5, and &, &, because the integrand

becomes singular as d=0, To overcome this difficulty, equa-
tiomn (Ad) is rewrilten in lerme of a differential solid angle du.
as

= K
Tllr, ma sty T (A%)
T
where des 15 given by
1A
oo m 22 EE D i Bt (AB)

d*
with & being the azimuthal angle measured on (he surface
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