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DEVELOPMENT OF A GENERALIZED ZONAL
METHOD FOR ANALYSIS OF RADIATIVE
TRANSFER IN ABSORBING AND
ANISOTROPICALLY SCATTERING MEDIA

W. W. Yuen and E. E. Takara
Department ofMechanical and Environmental Engineering,
University of California, Santa Barbara, California, USA

The generalized zonal method (GZM) for the analysis of radiosioe heat transfer in
absorbing, emitting, and anisotropically scattering media is developed and implemented. It
is shown to be applicable both for media with arbitrary scattering phase function and
general nondiffuse reflecting surfaces. Mathematically, the GZM is a generalization of the
conventional zonal method (CZM). In addition to the exchangefactors utilized by the CZM,
the GZM introduces scattering and reflecting exchange factors. These factors characterize
the scattering properties of the medium and the reflectivities of the bounding surfaces.
Expressions for the scattering and reflecting exchange factors are shown; their numerical
and analytical properties are identified. To illustrate the implementation of the GZM, cubic
enclosures in radiative equilibrium are analyzed. Based on numerical data, the effect of
anisotropic scattering on three-dimensional radiative heat transfer is assessed.

The importance of radiation heat transfer In many practical engineering
systems is well known. In furnaces, boilers, and other high-temperature systems,
radiation is known to be the dominant heat transfer mechanism [I -3]. In superin
sulation systems, both conductive and convective heat transfer can be effectively
curtailed [4-6]. To optimize the performance of these systems, proper analysis of
radiation heat transfer is critical.

Due to the mathematical complexity of radiative heat transfer, a great deal of
effort has been directed toward the development of many approximation methods.
The applicability of these methods depends on the nature of the physical system,
the characteristics of the medium, the degree of accuracy required, and the
availability of computer facilities. Currently used methods include the multiflux
methods [7-1Il, moment methods [12, 13], spherical harmonics (Pn approximation)
[14,15], and the discrete-ordinate approximation [16, 17]. To verify the accuracy of
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76 W. W. YUEN AND E. E. TAKARA

NOMENCLATURE

Ai area element i Sgi net radiant absorption by volume
B percentage change in the bottom element i

wall heat flux due to scattering T percentage change in the top wall
in the example calculation heat flux due to scattering in the

Eg i emissive powerfromvolume example calculation
element i ~i radiosity from volume element i

E, emissive power from area Wgi,; directional radiosity fromvolume
element i element i to area element J

gigj exchange factor between volumes ~i.gj directional radiosity from volume
V, and l-j,Eq. (I) element i to volume element J

giSj exchange fa'elor between volume W, radiosity from area element i
iii and area A j' Eq. (2) Wi,; directional radiosity from area

n; average irradiation into volume element i to area element J
clement i "'i,g; directional radiosity from area

H, average irradiation into area element i to volume element J
element i W, radiosity vector whose components

K, extinctioncoefficient are U'i,j
L dimension used in example calculation W generalized radiosity vector whose
n, nit normal vector at area element i components ace Wi
qb heat flux at the bottom wall in f3 forward-backward scattering

the example calculation parameter used in Eq. (40)
qi heat flux at area element i e emissivity of area element i

q, heat flux at the side wall in the 8 scattering angle used in Eq. (40)
example calculation Pk,i,j average reflectivities defined by

q, heat flux at the top wall in the Eq. (19)
example calculation Pgk,i,j average reflectivities defined by

Qi heat transfer from area element i Eq. (20)
ri j distance between area (or volume) Pgk,i,gj average reffectivities defined by

element i and area (or volume) Eq. (21)
element j defined by Eq. (5) <i> scattering phase function defined by

ri j vector pointing from area (or volume) Eq. (24)
element i and area (or volume) ci>;,gj,k average phase function defined
element j defined by Eq. (4) by Eq. (24)

SiSj exchange factor between areas ci>gi. et. k average function defined
Ai and A j • Eq. (3) by Eq. (25)

s percentage change in the side wall ePgi.gj,gk average phase function defined
heat flux due to scattering in the by Eq. (26)
example calculation Wo scattering albedo

these methods, benchmark numerical solutions generated by the CZM [18] and/or
the Monte Carlo method (MCM) [19, 20] are used.

However, both the CZM and MCM have limitations in generating benchmark
solutions. The CZM is not applicable for problems with anisotropically scattering
media and general nondiffuse surfaces. The MCM becomes computationally pro
hibitive when the scattering albedo and surface reflectivity become high. The lack
of benchmark numerical solutions generated by established numerical procedures
has led to uncertainty in the accuracy of all approximation methods for this class of
problems. For example, most of the existin~ numerical predictions for practical
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ZONAL METHOD FOR RADIATIVE TRANSFER 77

furnaces (which generally contain highly anisotropically scattering combustion
products) have unknown accuracy. While some of these calculations were success
ful in correlating experimental data [21], it is doubtful that they can be used
reliably as a basis for engineering design.

The need for benchmark solutions has been addressed to a certain extent by
the symposium on radiative heat transfer in the 1992 Heat Transfer Conference
[22]. The various methods presented there included the GZM [23], discretized
radiosity [24], YIX [25], a modified Monte Carlo method [26], and K distribution
[27]. Due to the nature of the symposium, detailed descriptions of the methods
were not given. While no method was clearly superior, the GZM showed promise.

In this article, a detailed development and implementation of the GZM is
presented. Mathematically, the GZM is demonstrated to be a vector generalization
of the CZM, based on a radiosity-irradiation approach [28, 29]. Next, the basic
conservation equations for the GZM are derived. The scattering and reflecting
exchange factors are introduced. They characterize the scattering property of the
medium and the reflecting property of the enclosed surface, respectively. The
analytical and numerical properties of these exchange factors are presented. Lastly,
cubic enclosures in radiative equilibrium are analyzed. Based on these results, the
effect of anisotropic scattering on multidimensional radiative heat transfer is
illustrated.

MATHEMATICAL FORMULATION

The Conventional Zonal Method (CZM)

Since the GZM is a generalization of the CZM, the basic concepts and
equations of the CZM are outlined here. The assumptions and details were
presented by Hottel and Sarofim [18] and will not be repeated. For an enclosure
with M volume zones and N surface zones, CZM utilizes three basic exchange
factors:

(1)

(2)

with

(4)

(5)
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78

and

W. W. YUEN AND E. E. TAKARA

K, = extinction coefficient (assumed constant)

n i = unit normal at surface dA i

n j = unit normal at surface dA j

gigj is the exchange factor between volume zones "i and /If, giSj is the exchange
factor between volume zone "i and area zone A j, and SiSj is the exchange factor
between area zones Ai and A j •

Radiative equilibrium in an enclosure is expressed in terms of the radiosity
and irradiation for each volume zone "i and area zone Ai' Letting

W; = radiosity from Ai (emission plus reflection)

E, = emissive power from Ai

Hi = "averrage" irradiation into Ai

Qi = net heat transfer from Ai

€) = emissivity of surface Ai

and

KW
---!........!!. = outgoing radiosity from "i (emission plus reflection)

tr

E gi = emissive power from "i

H.
--!!:. = "average" incoming intensity into "i

'Tr

Sgi = net radiant absorption by volume zone "i

Wo = scattering albedo of volume zone "i

the energy balance at Ai and "i can be written as

i = 1, N (6)

and

Ai€i
Qi = Ai(W; - H) = -1-(Ei - W;)

- €i
i = 1, N

i = I,M (8)

i = I,M (9)
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ZONAL METHOD FOR RADIATIVE TRANSFER 79

The overall energy balance at I-'; and Ai in terms of its exchange with the
remaining zones can be written as

N M

»,«, = L: (SiSj)1fj + L: (Sig)Wgj i = 1, N (10)
i> 1 j~ 1

N M

4K,I-';Hgi = L: (giS)1fj + L: (gigj)~j i = 1, M (1)
j~ 1 j- I

Equations (1)-(11) constitute the complete set of mathematical relations
required by CZM. In general, either Qi (5g) or s, (Eg) is specified on each
surface zone (or volume zone). Equations (6)-(10) can be readily combined to yield
the following matrix equation for the unknown enclosure radiosity vector W
(WI' W2 , ••• , WN , ~1, ~2, ... , ~M):

W=XJ+Yw (2)

where Xis an NM by NM diagonal matrix whose components are functions of €i'

wo, Ai' and 1-';, and Y is an NM by NM full matrix whose components are the
various exchange factors. J is a source vector composed of the specified emissive
powers or heat fluxes. The solution to Eq. (12) can be readily obtained. The success
of the CZM for enclosures with an isotropically scattering medium and diffusely
reflecting surface is well documented [3].

The Generalized Zonal Method (GZM)

The most severe limitation of the CZM is the assumption that the volume
radiosity, ~i' and surface radiosity, w" are isotropic. This restricts the CZM to
diffuse/isotropic enclosures. In the GZM, this assumption is eliminated. The
directional dependence of radiosity (due to anisotropic scattering and nondiffuse
reflection) is included in the formulation. The radiosity of each zone is generalized
to become an vector with NM components. For example, w"j and w"gj are the
average radiosities from area Ai to area A j and volume "j. Likewise, Wgi. j and
~i,gj are the average radiosities from volume I-'; to area A j and volume zone "j,

The radiosity components are assumed to be constant in the exchange
calculation for each pair of zonal elements. As the number of zones increase the
directional dependencies of radiosity will be better simulated and the accuracy of
numerical results can be expected to improve. Mathematically, equations (0) and
(11) for CZM are now replaced by

N M

AiHi = L: (SiSj)lfj,i + L: (Sigj)~j,i
i> 1 l> I

N M

4K,I-';Hgi = L: (giSj)lfj,gi + L: (gigj)~j,gi
j-I j~l

i = 1, N

i = I,M

(13)

(4)
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80 W. W. YUEN AND E. E. TAKARA

Equations (7) and (9) become

N M
Q . = '\' (S.S.)(W - W) + '\' (S.g.)(W - W.)

, '-- 'J ',J J.' ,--, J ',gJ gJ.'
j= 1 i-I

and

N M

Sgi = L (giS)(~i,i - UJ.g) + L (gigi)(~i.gi - ~i,g)
i» I j-I

i=l,N (I5)

i = 1, M (16)

The radiosity vectors Wi and Wgi are related by the scattering properties of
the medium and the reflective properties of the surfaces, The components of Wi'
the radiosity vector of surface zone Ai' are written as

j = 1, N

(17)

and

j = I,M

(I 8)

Pk.i.i' Pg/.i.i' and Pg/,i.gi are averaged reflectivities at surface Ai given by

(r.. · n)(r' n,)(rk,' n.)(rk·' nk)
J' , J' J '. , , dA dA, dA '

X 7T'2r~rk4 k , J
J' ,

(19)

(20)

(21)
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ZONAL METHOD FOR RADIATIVE TRANSFER 81

p" (r, OJ,, <Pji' 0ki' <Pk) is the bidirectional reflectivity of Ai at r, for radiation
incident in the (OJ,, <Pj) direction and reflecting in the (O'k' cf>ik) direction.

Likewise, the components of Wgi , the radiosity vector of volume zone V;, are

j = I,N (22)

and

j = I,M (23)

<l>k,g"j' <l>gl,g"j' and <l>gl,g"gj are averaged phase functions given by

, K,V; f f f<P = <p(cos° )e-K,(r,,+r,,)
k,g',1 ( )( ) 'jik:g,sk g,s1 A

J
V. A,

and

(24)

(25)

(26)

<p(cos 0jik) is the phase function V; at r i for radiation incident in direction (Oji' <Pj)
and being scattered into the (Oik' <Pik) direction. The detailed derivation of Eqs,
(20) and (25) are presented in the Appendix. Development of Eqs. (19), (21), (24),
and (26) is similar.
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82 W. W. YUEN AND E. E. TAKARA

Analogous to Eq. (12), Eqs. (13), (14), (15), (16), (17), (18), (22), and (23) can
be rewritten as a generalized matrix equation for the generalized radiosity vector
W(composed of the vectors WI' W2 , ••• , WN , Wg 1, Wg2 , ••• , WgM ) :

(27)

where X is a diagonal NM by NM generalized matrix with elements that are NM
by NM submatrices. The submatrix elements are functions of Ei, wo, Ai, and Vi. Y
is a full NM by NM generalized matrix composed of NM by NM submatrices. The
submatrix elements of Yare composed of the GZM reflection factors or scattering
factors and the CZM exchange factors. j is a generalized source vector composed
of NM subvectors whose components are the specified emissive powers or heat
fluxes.

Numerical and Analytical Properties of the Average Scattering Phase
Function and Average Reflectivity

It is well known that the CZM exchange factors satisfy reciprocity and closure
relations:

N M

Ai = L SiSj + L Sigj
j-I j-I

N M

4K,Vi = L giSj + L s.s,
j-I j-I

(28a)

(28b)

(28e)

(29a)

(29b)

In a similar manner, the reflecting and scattering exchange factors also satisfy
reciprocity and closure relations:

Pgj,i,k = Pk,i,gj

A A

Pgj,i,gk = Pgk,i,gj

ci> 'k=ci>k"J.gI, .sc.)

ci> v.k: = ci>k ' ,u,si. .es.s)

ci> ' k=ci>k ' ,u.si,s s ,g',gj

(30a)

(30b)

(30e)

(31a)

(31b)

(31e)

D
ow

nl
oa

de
d 

by
 [

H
on

g 
K

on
g 

Po
ly

te
ch

ni
c 

U
ni

ve
rs

ity
] 

at
 2

0:
43

 2
9 

Ju
ly

 2
01

5 



ZONAL METHOD FOR RADIATIVE TRANSFER

and for a volume element "I.

N M

4K,v; = L: (giSj)¢.k,gi,j + L: (gigl)¢.k,gi,gl
j-I I-I

N M

= L: (giSj)¢.gk,gi,j + L: (gigl)¢.gk,gi,gl
j-I I-I

83

(32)

for all surface elements A k and volume elements Vk •

While the numerical evaluation of the reflecting and scattering factors
appears to be quite complicated. the computation can be significantly simplified by
utilizing some commonly observed properties of surface reflectivity and phase
function. For example. the bidirectional reflectivity of many reflecting surfaces can
be expressed as a product function:

(33)

Equation (19) becomes

where

dA f (r.. ·n.)(r.·n.)" _" ' '( () A.) -Kf(d) Jl I JI J dA
Pj,di - Pdi.j - d P rio ji' 'l'ji e I 4 j

SiS} A j 7Trj i

(34)

(35)

Equation (19) initially requires a triple area integral. a sixfold integration. By using
Eq. (35), the integration in Eq. (19) is reduced to an area integral of the product of
area integrals (equivalent to three twofold integrations). This is a substantial
reduction in computational complexity. Similar simplification can be achieved for
Eqs. (20) and (21).

The phase function of many scattering media can be expressed as a power
series in cos ()jik' The power series can be expressed in terms of the vectors
r jk = (Xjk' Yjk, Zjk) and rij = (xij, Yij' Zi/

(36)
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84 W. W. YUEN AND E. E. TAKARA

Equation (24), the scattering exchange factor between A j and A k via Vi, becomes

with

where

ci>k.gi.j = ECnci>L~ki,j
n

A 1 Vi f A I A [J (S)' dg)(Sk dg)<l>n _ <l>n '<I>n
Lgi,j - (g.s )(g.s.) ).Jgi dgi,k dV

,k 'J Vi ,

A A dV f<l>l nl . = <I>(nl.. = '\' •
),dg. dgl,) '-' (d)

p+q+l=n Sj e. A j .

(37)

(38)

(39)

As in the case of the reflecting factor, the evaluation of ci>k,gi,jis reduced from a
sevenfold integral to the sum of fivefold integrals. Equations (25) and (26) can be
similarly reduced.

In short, the numerical computation of the average reflectivity and average
scattering phase function has the same level of complexity as the evaluation of
conventional exchange factors. In comparison to CZM, the only mathematical
complexity introduced by GZM is the introduction of the concept of radiosity
vector.

IMPLEMENTATION

To demonstrate the effectiveness of the GZM, cubical enclosures of with a
range of optical thicknesses were analyzed. The specific geometry and coordinate
system are shown in Figure 1. The bottom surface (A 6 ) is black and hot with a unit
emissive power, while the remaining five surfaces are black and cold with zero
emissive power. The medium is at radiative equilibrium and has a linear anisotropic
scattering phase function given by

<I>((n = 1 + f3 cos 8 (40)

The number of zones used in the analysis was progressively increased in order
to prove convergence. The first analysis was with one volume zone tN, = 1) for the
entire medium and six surface zones, one for each wall. The next analysis used
eight volume zones (Nz = 2; 2 X 2 X 2 grid) and 24 surface zones. The final
analysis used 64 volume zones (Nz = 4; 4 X 4 X 4 grid) and 96 surface zones. It
should be noted that the complexity of the analysis grows quite rapidly. It will be
shown later that the one-volume-zone analysis could be done in closed form. The
eight-volume-zone analysis had 16 unknowns; the 64-zone analysis had 192 un
knowns.

The presentation in this section will be in three parts. In the first section the
one-zone analysis will be presented in detail. This will illustrate some unique
features of the GZM. In the second section, grid size convergence will be shown.
Lastly, numerical results will be presented. .
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ZONAL METHOD FOR RADIATIVE TRANSFER 8S

--L --

Figure l. Geometry and area identifica
tion for the cubical enclosure (the top
and bottom surfaces are removed for
improved clarity in area identification).

One-Zone Analysis

In the one-zone analysis the entire medium is treated as a single volume zone
and each wall as a single surface zone. To simplify the notation, the subscript g is
used for the single volume zone. Since all surfaces are black, the radiosity on each
surface is known (1 for A 6 and 0 for the remaining surfaces). From Eq. (15), the
heat transfer at the six surfaces is given below.

and

i = 1, ... ,5 (41a)

(41b)

The radiosity components for the gas zone can be deduced from Eq. (22) to
yield

j = 1, ... ,6

(42a)
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and

W. W. YUEN AND E. E. TAKARA

(42b)

(43)

Eg , the average emissive power of the medium, can be deduced by combining Eqs.
(l S) and (42b) to yield

(S6g)[ 1 - (wo/4KI~)(gg)(<l>g,g.g - <l>6.g,g)]

E
g

= 4KI~ _ (gg) + wo(gg)(1 - <l>g.g,g)

Equations (42a) and (42b) illustrate that the components of the radiosity
vector, ~, j, are not identical in general. While this is expected for anisotropically
scattering media, it is true even for an isotropically scattering medium. This is a
direct contradiction of CZM intuition, which indicates that all components of the
radiosity vector should be equal. This contradiction can be explained both physi
cally and mathematically.

Physically, the imbalance reflects the anisotropic nature of the boundary
conditions (unit emissive power at the bottom wall and zero emissive power
elsewhere). For a single volume zone, it is clear that the radiosity components to
the top wall and side walls cannot be equal.

Mathematically, the equations for radiosity components use the scattering
factors to show the effects of geometry and scattering phase function. Note that
even for an isotropic scattering medium, the scattering factor is unity only for a
differential volume element d~j; that is,

<l>j,dg;,k = <l>gj,dg;,k = <l>gj.dgj.gk = 1.0 (44)

The scattering factors for a finite volume element, ~j, on the other hand, are
unequal and given by

(45)

The difference in exchange factors leads to the difference in the radiosity compo
nents. The difference in isotropic results disappears as the number of zones taken
in the CZM and GZM analyses increases. But for the same number of zone, the
GZM is clearly an improvement over the CZM, even for isotropic analysis.

It is interesting to note that utilizing the appropriate summation rule for
exchange factors and scattering factors, Eq. (43), in the limit of a cubic enclosure,
is reduced to

1
E =

g 6 (46)

This is the expected result from superposition and the same result as a one-zone
CZM analysis. This reaffirms that the difference between the CZM and GZM is in
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ZONAL METHOD FOR RADIATIVE TRANSFER 87

the treatment of scattering. From examining Eqs. (42a) and (42b), it is clear that
the CZM and GZM are identical if there is no scattering (wo = 0).

Convergence

To illustrate their effect on radiative transfer, the optical thickness, scattering
albedo, and scattering phase function were varied. Runs were made for optical
thickness L = 0.1, 0.5,1.0,2.0,3.0; scattering albedo W o = 0,0.2,0.4,0.6,0.8,1; and
linear scattering coefficient {3 = -1,0,1. In order to claim benchmark status for
these results, grid size convergence must be shown.

The bottom, side, and top wall fluxes qb = Q6/ e , q, = -QI/e, q, =
- Qs/ L 2 for various grids are shown in Table 1. Results for W o = 1 were chosen
because they are "pure" GZM results; the results are entirely dominated by
scattering. The table shows that the fluxes have converged to within 5% for the
bottom and side walls and within 0.015 for the top wall (the top wall convergence is
slow because of the small dimensionless heat flux). for L = 0.1, an optically thin
case, only eight volume zones (n, = 2) are necessary for convergence. For all other
optical thicknesses, 64 volume zones (n, = 4) are required.

In Figure 2, the convergence behavior of a pure isotropic scattering (w = 1)
GZM solutions (N, = 1,2,4) is shown and compared to the corresponding CZM
results. These results represent numerical proof of the earlier statement that, given
the same number of zones, GZM solutions are more accurate than CZM. This
increased accuracy compensates for the increased effort required by the GZM.

Results

To illustrate the effect of optical thickness, geometry, and scattering phase
function on the heat transfer, the average heat transfer from the bottom, top, and
side walls are tabulated and presented in Table 2 and Figures 3, 4, and 5. In Table
2, the no-scattering results are presented for different optical thickness, L. In
Figures 3, 4, and 5, the percentage change in the three average fluxes, B, T, and S,
are defined by

[
qb (with scattering) ]

B= -1100
qb (no scattering)

[
q, (with scattering)

S=
q, (no scattering)

[
q, (with scattering) ]

T= -1100
q, (no scattering)

(47)

(48)

(49)

In general, optical thickness, scattering albedo, and the forward/backward
scattering parameter, {3, have significant effect on heat transfer. The effect on the
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Table I. Convergence Behavior of the GZM Solutions for DiITerent Optical Thicknesses
and Scattering Parameters

(a) L = 0.1; Wo = 1.0

q. q, q,

f3 fl z = 1 nz = 2 Il z = 1 1lz = 2 1lz = 1 1lz = 2

- I 0.9808 1.0000 0.1990 0.2000 0.1866 0.2000
0 0.9890 1.0000 0.2000 0.2000 0.1890 0.2000
I 1.0000 1.0000 0.2017 0.2000 0.1909 0.2000

(b) L ~ 0.5; Wo = 1.0

q. q, q,

f3 1lz = 2 nz = 4 nz = 2 nz = 4 nz = 2 fit = 4

-I 0.9016 0.8995 0.1964 0.1958 0.1299 0.1334
0 0.9300 0.9280 0.2004 0.1999 0.1422 0.1454
I 0.9590 0.9580 0.2045 0.2040 0.1552 0.1585

(c) L = 1.0; Wo = 1.0

q. q, q,

f3 Il: = 2 nz = 4 nz = 2 nz = 4 nz = 2 nz = 4

-1 0.8299 0.8248 0.1872 0.1873 0.0897 0.0917
0 0.8730 0.8691 0.1943 0.1945 0.1046 0.1065
1 0.9171 0.9163 0.2014 0.2020 0.1208 0.1239

(d) L = 2.0; Wo = 1.0

qh q, q,

{3 " z = 2 nz = 4 liz = 2 fl z = 4 nz = 2 nz = 4

-I 0.7390 0.7227 0.1722 0.1705 0.0537 0.0516
0 0.7938 0.7809 0.1829 0.1816 0.0666 0.0648
I 0.8497 0.8432 0.1935 0.1931 0.0810 0.0812

(e) L ~ 3.0; Wo ~ 1.0

qh q, q,

{3 nz = 2 nz = 4 nz = 2 nz = 4 nz = 2 nz = 4

-I 0.6809 0.6553 0.1597 0.1573 0.0389 0.0341
0 0.7442 0.7174 0.1721 0.1702 0.0487 0.0442
1 0.7978 0.7834 0.1844 0.1836 0.0596 0.0571

bottom wall and side wall heat transfer is similar because, except for cases with
small optical thickness, most of the heat loss from the bottom wall is transferred to
the side walls. Specifically, for both the isotropic scattering ( (3 = 0) and backward
scattering ({3 = -1) cases, heat transfer decreases with increasing albedo and
increasing optical thickness. The percentage change can be as high as 13% for the
case withIarge optical thickness and large scattering albedo (e.g., heat transfer
from the bottom wall with L = 3.0, Wo = 1.0, and (3 = -1). For the case with
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.. C2M I
-- G2M I

L -0.5

,..
.L" 1·9

:

~.. ,,: l .2.0

~.

I . 3.0. .

0.9

0.8

0.7
1 2 N•

3 4

Figure 2. Convergence behavior for
GZM and CZM for the isotropic scatter
ing results.

forward scattering ((3 = 1), on the other hand, heat transfer increases with
increasing albedo. The magnitude of change is smaller (maximum change is 5% for
L = 2.0, Wo = 1.0) and does not increase monotonically as optical thickness
increases. The asymmetric effect of (3 on the heat transfer at the bottom wall and
side walls can be attributed to the combined effect of geometry and multiple
scattering. In an isotropic scattering and strongly backward scattering medium, an
increase in the scattering albedo redirects much of the emitted energy back to the
bottom wall, so the net heat transfer decreases. While the energy emitted by the
bottom wall is scattered forward in a forward scattering medium, much of the
energy is absorbed by the medium and reemitted back to the bottom wall. this
effect is particularly strong in a medium with large optical thickness and small
scattering albedo. This explains the relatively small effect of the scattering albedo
on heat transfer at the bottom and side walls in a forward scattering medium.

The forward zbackward scattering parameter has a more symmetric effect on
the heat transfer to the top wall, as shown in Figure 5. Physically, a large fraction
of the heat transfer to the top wall is due to the reemission of the medium. The
directional effect of the scattering phase function is thus expected to have less
influence on the heat transfer. As shown by the no-scattering results in Table 2, the
magnitude of heat transfer to the top wall is relatively small, particularly in cases
with moderate and large optical thickness. This leads to the relatively large

Table 2. Heat Flux at the Top, Bottom, and Side Walls
for a Nonscattering Medium Predicted by GZM

L

0.1
0.5
1.0
2.0
3.0

1.000
0.938
0.881
0.802
0.749

q,

0.200
0.201
0.195
0.185
0.177

a,

0.200
0.148
0.107
0.067
0.047
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5.0

0.0

B ·5.0 ~

• , 0.0 .
p..l

•
0.2

. .
0.4 0.6

CD.

,
0.6

5.0
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CD.
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B ·5.0
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Figure 3. Effect of optical thickness and

a 0.2 0.4 0.6 0.8
scattering on heat transfer from the bot-

CD. tom wall.

percentage change in the heat transfer to the top wall as the scattering albedo
increases.

CONCLUSION

The basic formulation for GZM has been presented and implemented.
Cubical enclosures In radiative equlibrium with varying optical thickness and
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ZONAL METHOD FOR RADIATIVE TRANSFER 91

scattering properties were analyzed. It was demonstrated that the GZM can be an
effective solution technique for two reasons. First, it is unique in its ability to
model anisotrpic scattering. Second, by improving the modeling of scattering, a
smaller number of zones is required to reach a converged solution.

The results presented showed that the effect of anisotropic scattering on
three-dimensional radiative heat transfer is clearly important. Both geometry and
scattering parameters have significant influence on the overall heat transfer. These
effects cannot be simulated with a one-dimensional study.

2.0 -3.0
,,0

1'-1

5.0 .-------------::c-::----,

S -5.0

·10.0 "'

.
0.2 0.4

.
0.6

.
0.6

10ft

5.0 .---------------,

S -5.0 "'

1.0

L-0.5

'0
3.0 -

-10.0 "'

.
0.2

.
0.4

.
0.6

,
0.6

"ft

5.0 r-------------.,

Figure 4. Effect of optical thickness and
scattering on heat transfer to the side
wall.
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10.0 l-
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0 0.2 0.4 0.6 0.8

CD•

Figure S. Effect of optical thickness and
scattering on heat transfer to the top
wall.

While the applicability of the GZM has been demonstrated, its implementa
tion can be improved. The number of scattering factors to calculate can become
truly daunting. Parallel computing should be considered to overcome this. Also,
other phase functions should be examined. A combined Monte Carlo GZM hybrid
can be used for the more difficult phase functions.
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APPENDIX

93

For the development of Eq. (20), consider a volume zone J'f and two area
zones A j , A k , as shown in Figure AI. The net outgoing radiation from a differen
tial volume dJ'f, reflected by a differential area dAj and intercepted by a differen
tial area dAk , can be written as

In terms of the net outgoing radiosity d~j. j, the intensity i~J,i can be written as

., = d~j.j
19},i

Utilizing Eqs. (1), (2), and (3), Eq. (AI) become

(A2)

7T d~j i
d 3Qgj,j,k

= dA.' p"(ri, ()ji' <Pji' ()ki' <Pki)(dsi dgj)(dsi dsk) (A3)
I

Figure AI. Geometry and notation used in the development of Eq. (20).
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94 W. W. YUEN AND E. E. TAKARA

Figure A2. Geometry and notation used in the development of Eq. (25).

In GZM, the radiosity from ~j directed toward Ai is assumed to be constant.
Integrating over ~j' A j , and A k , Eq. (A3) becomes

tr

Qgj.i,k = A. ~j)Sig)(SiSk)Pgj,j,k,
(A4)

with Pgj,i,k given by Eq. (20).
Equation (25) can be derived in a similar manner. Utilizing the geometry and

notations as shown in Figure A2, the net outgoing radiation from a differential
volume dJ'f, reflected by a differential volume dV; and intercepted by a differential
area dA k can be written as

(AS)

In terms of the radiosity d~j, gi and the various differential exchange factors, Eq.
(AS) becomes

(A6)

Integrating over the finite volumes and area, Eq. (A6) becomes

(A7)

with <l>gj, gi, k given by Eq. (25),
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